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Abstract 

y  - 

A  combinatorial  "mix-valued*  algebra, 
denoted  by  'Mx,*"  operates  on  variables 
representing  multivalued  signals  and  buses 
of  any  width  (including  width  =1).  A  bus 
of  signals  is  represented  as  a  single  mul¬ 
tivalued  variable.  All  variables  in  Mx  can 
range  over  values  and  sets  of  values  and 
are  not  required  to  range  over  the  same 
set.  The  function  set  proposed  for  Mx 
includes  relational,  set  theoretic,  and 
existential  operators.  The  usual  two¬ 
valued  Boolean  algebra  is  a  subalgebra  of 
Mx  when  all  variables  are  binary  and  from 
the  same  set  of  values. 

Only  combinatorial  memoryless  topics 
are  discussed,  but  sequential  and  memory 
circuits  composed  of  Mx  operations  are 
known . 

Mx  is  useful  for  compact  technology- 
independent  representation  of  digital  sys¬ 
tems  during  the  design  process.  . 

7^-. . 


1.0  Introduction 

Mx  is  a  technology-independent  mix¬ 
valued  algebra^  for  describing  and  design¬ 
ing  digital  circuits*  interconnected  by 
combinations  of  multivalued  signals  and 
buses  of  any  mix  of  widths  including 
width  =1,  A  p-wide  input  or  output  bus  of 
q-valued  signals  is  treated  as  a  single 
multivalued  variable  ranging  over  up  to  qP 
elements.  Variables  in  Mx  can  range  over 
dissimilar,  heterogeneous  sets. 

All  functions  in  Mx  must  conform  to 
the  structure  given  in  Section  2.1,  but  are 
otherwise  arbitrary.  Ten  such  Mx-functions 
are  proposed  and  described.  Other  conform¬ 
ing  functions  can  be  used,  but  properties 
such  as  functional  completeness  are  the 
responsibility  of  their  designer. 


*  We  pronounce  Mx  as  "mix."  "Circuit"  or 
"network"  means  combinatorial  circuit  or 
network. 
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For  experienced  logic  designers,  the 
AND,  OR,  and  NOT  Mx-operators  are  2-valued 
Boolean  operators  when  applied  to  binary 
variables  over  the  same  set.  Also,  the 
proposed  symbolism  and  design  procedure 
resemble  those  of  2-valued  Boolean  algebra. 

Each  Mx-gate  g  (function  realizor) 

a)  accepts  inputs  and  generates  outputs 
from  its  own  independent  "reference 
set,"  denoted  by  rg  (a  reference  set  may 

be  ordered  or  not,  as  needed) 

b)  accepts  and  generates  a  "null  variable" 
denoted  by  jii. 

A  reference  set  specifies  all  I/O  (input 
and/or  output)  elements  recognized  by  a 
Mx-gate  ({0,1}  is  a  2-valued  Boolean  gate 
"reference  set").  Mx-gates  having  differ¬ 
ing  reference  sets  can  interact.  A  null 
variable  id)  has  zero  cardinality  and 
ranges  over  the  heterogeneous  set  of  value¬ 
less  members^.  (The  member  instance  of  the 
null  variable  fi  is  a  member  of  every  set.) 
"Null"  hereafter  means  null  variable  unless 
stated  otherwise. 


A  ^(-bearing  input  is  interpreted  in 
one  of  two  ways  at  Mx-gate  inputs  depending 
on  the  gate  type:  a)  it  has  vanished,  need¬ 
ing  no  consideration  in  the  gate  output 
determination;  or  b)  it  appears  to  have  no 
value.  The  "existential"  Mx-operators 
implement  (b)  by  waiting  for  a  non-?!  on 
all,  none,  or  exactly  one  of  the  inputs 
before  generating  an  output.** 

Mx  never  requires  more  equations  than 
2-valued  Boolean  algebra  to  describe  a 
binary  circuit  with  busing  because  Mx- 
equations  ate  written  for  a  whole  bus  at  a 
time;  not  for  each  bus  signal  component. 
Using  Mx  generally  results  in  a  very  com- 


**  The  "waiting"  behavior  is  similar  to 
that  found  prior  to  the  "firing"  of  Petri 

net  "transitions."^  "Transitions"  are  unde¬ 
fined  for  input  values  not  within  the 
operator  value-universe.  Mx  operations  are 
defined  under  such  a  condition. 
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pact  set  of  equations  which  fully  describe 
the  intended  behavior  of  the  network.  The 
compactness  becomes  dramatic  with  the  in¬ 
creased  use  of  busing. 

A  Mx-logic  design  needs  no  redesign  to 
change  realizations;  only  a  new  translation 
of  the  logic  design  into  hardware.  Stan¬ 
dard  implementation  circuits  for  the  Mx- 
gates  in  various  technologies  may  evolve  to 
fill  this  need. 

The  reader  is  invited  to  preview  the 
application  Sections  2.3  and  2.4  for  sam¬ 
ples  of  Mx's  operability. 


tions  "i,"  respectively.  Note  that 
although  x^ex,  Xj^Crg  is  used  because  gen- 

®*^3lly,  Xj^  can  be  a  set  which  is  a  member 

of  X,  and  a  subset  but  not  a  member  of  r 
Xj^  can  be  both  a  member  of  X  and  r  .  ^ 


i  (X) 


Vx^exB:  X  .C  r^,  only  one  of: 
fl  iff  cl  are  met, 

I  f2  iff  c2  are  met, 


> 


2.0  Formal  Definition  of  Mx 

Mx  is  defined  as  the  pair  (S,F) 
wherein 


f  n 


iff  cn  are  met. 


J 


S  is  a  totally  ordered  set,  the  union  of 
the  sets  I,  0,  and  Rg,  and  further 

decomposed  such  that  no  member  of  S  is  a 
set,  where 

I  =  {X2,X2,...}  is  the  set  of  all  input 

sets  X^,  where  X^  =  { xj  ,  X2 , . .  .  ,  x„} ,  a  set 

of  input  variables,  for  arbitrary  m  and 
n, 

0  "  {Z]^,Z2,...}  is  the  set  of  all  output 
variables  Zj^, 

Rg  =  {Rgi »Rg2» • • ■ )  is  the  Set  of  all  sets 
of  .-eference  sets  rgj^,  and  Rguj  = 

^'^gl''^g2' *  •  • '■^gn^  arbitrary  i,  m, 

and  n,  and 


l^the  null  variable  {0)  otherwise, 

where  is  an  arbitrary  gate  operation,  X 

is  the  input  set,  X  =  {xi,X2, . . . ,x^} ,  and 

fj  C  rg  for  j6{l,2,,..,n).  "Vx^exa:  x  j^Crg" 
is  an  input  filter  operation. 

- End  of  Definition - 

Let  Xj^ex  be  variables  in  an  input  set 

X,  ie{l, 2, 3 , . . . } .  Define  as  an  "alien"  any 
input  instance  not  a  subset  of  rg  (i.e.,  an 

(*i  6  X)  ^  *^g^  ■  *''ore  aliens  are 

present,  the  GPS's  input  filter  causes  the 
gate  to  yield  a  null,  in  the  presence  of  a 
non-alien-bearing  input,  the  GFS  requires 
the  output  to  be  one  of  a  set  of  user- 
devised  conditional  functions  or  a  null. 

2.2  The  Proposed  Function  Set 


F  is  a  set  of  functions  from  I  to  0. 

- End  of  Definition - 

Reference  sets,  set  "I"  and  set  "0" 
are  formally  independent  of  each  other,  but 
to  date,  meaningful  applications  of  F  have 
only  involved  I  and  0  sets  which  intersect 

Rg  . 

A  ^  can  render  its  sending 
and  receiving  Mx-operators  tem¬ 
porarily  non-associative  and 
non-distributive;  it  implies  an 
into  map.  Thus  F  is  condition¬ 
ally  associative  and  distribu¬ 
tive. 


-'vai.ueu 


ACdswns  lor  using  a  given 
Boolean  operation  vary.  For  example, 

"x  AND  y"  can  mean  greatest  lower  bound, 
product,  min,  intersection,  existential 

(or,  sentential^)  truth  or  simultaneity, 
and  maybe  others.  Similar  statements  can 
be  made  for  OR  and  NOT.  The  following 
table  lists  some  such  interpretations  on  a 
2-valued  Boolean  AND  operation  over  {0,1}. 
Similar  tables  can  be  produced  for  OR  and 
NOT. 


AND 

product 

min 

intersect 

existential 

X 

y 

(x,y) 

(x,y) 

(x,y) 

(x,y) 

truth  simultaneity 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

1 

1 

1 

1 

1 

1 

1 

1 

2.1  The  MX  "General  Function  Structure" 
(GFS) 

The  following  definition  is  in  the  Mx 
GFS,  to  which  all  functions  in  F  must  con¬ 
form.  "fi"  and  ”ci"  are  function  and  condi- 


These  ambiguities  in  2-valued  Boolean 
operator  use  suggest  three  function  classes 
—  AND,  OR,  and  NOT  —  which  are  basic  to 
the  logic  design  procedure  discussed  in 
Section  2.3. 
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The  proposed  set  of  Mx-functions  is  F 
=  {AND(X),  OR(X),  NOT(X),  UNION (X), 
INTERSECT (X) ,  COMPLEMENT (X) ,  ANDe(X), 
ORe(X),  NOTe(X),  EXIST (X)}.  F  addresses 
relational,  set-theoretic,  and  existential 
domains.  (The  latter  is  concerned  with  the 
presence,  or  existence,  of  elements  instead 
of  their  manipulation.)  F  members  are 
further  assigned  to  the  three  function 
classes  as  shown  in  the  following  table. 


Mx-gate 

generic  identity 

class 

AND 

MIN,  algebraic  AND 

AND 

OR 

MAX,  algebraic  OR 

OR 

NOT 

INVERT,  algebraic  COMPLEMENT 

NOT 

INTERSECT 

set-theoretic  AND 

AND 

UNION 

set-theoretic  OR 

OR 

COMPLEMENT 

set-theoretic  NOT 

NOT 

ANDe 

existential  AND 

AND 

ORe 

existential  OR 

OR 

NOTe 

existential  NOT 

NOT 

EXIST 

existential  acknowledgement 

AND 

To  understand  some  of  the  proposed 
Mx-gates  first  requires  the  following  de¬ 
finitions  for  "full  set"  (converse  of  the 
empty  set) ,  and  the  "atomizer  function" 
(which  decomposes  a  heterogeneous  set  so 
that  no  member  of  the  resultant  set  is  a 
set) . 

Full  Set  -  A  set  denoted  by  U  and  com¬ 
posed  of  “ 

a)  all  members  of  a  given  countable  set 


{a,b,d),  {b,c,d},  {a,Crd},  and  {a,b,c,dl. 
The  full  set  is  then  U  =  { a , b,c ,d , {a , b) , 
{a,c} , {Srdl ,  {b,c} , {b,d} , {c,d} , {a,b,c} , 
{a,b,d},{b,c,dl,{a,c,d},{a,b,c,d)}. 

- End  of  Example  2.2-1 - 


Atomizer  Function  If  S  =  {S2,S2, 
•••/Sm),  A(S)  denotes  the  "atomizer" 
function  on  S.  If  U  is  S's  full  set, 
is  set  difference,  and  e  is  an  ele¬ 
ment  (=  irreducible  set  member  =  atom) , 
let  u  C  U  3:  {y  -  u)  contains  no  ele¬ 
ments  and  eeu.  Then,  A(S)  =  A:S  - >  u 

is  one-one.  ~ 


°  tl-3,{6,7,8},{},2,{4,{5, 

'its, 01  where  in  this  example,  ft  denotes 

only  the  null  value^.  Then  A(S)  =  {1, 

3, 6, 7, 8, (i, 2, 4, 5, 9,0}  =  { 1 , 3 , 6 , 7 , 8 , 2 , 4  , 

5,9,0}.  If  SCu,  A(S)  =  S,  where  u  is 
from  the  atomizer  function  definition. 
- End  of  Example  2.2-2 - 


If  X  is  a  set  containing  the  null  set 
as  a  member,  note  that  A(X)  defines  the 
null  value  given  the  null  set  operand. 

The  ten  definitions  for  Mx  operations, 
beginning  at  the  bottom  of  this  page,  con¬ 
form  to  the  GFS .  In  those  Definitions,  X  = 
{xi,X2, . . .  ,Xn}  is  the  input  set  to  a  Mx- 
gate  and  x^ex. 


b)  all  subsets  of  that  countable  set 
excluding  all  its  single  member  sub¬ 
sets. 

Example  2.2-1 

Assume  the  universe  is  the  set  {a, 
b,c,d}.  Then  (a)  of  the  full  set  defini¬ 
tion  contributes  the  elements  a,  b,  c,  and 
d  to  the  full  set,  (b)  contributes  {a,b). 


The  NOT(X)  definition  needs  a  totally 
ordered  rg  whose  least  member  behaves  like 

a  zero.  Its  next  higher  member  must  behave 
like  a  one,  the  next  higher  must  behave 
like  a  two,  etc.^ 

is  set  subtraction  in  the 
COMPLEMENT  definition. 


inii(Mi(x)  = 


union  ( {A  (x^)  } ,  {A  (X2)  } , . . . ,  {A  (Xj^) } )  if  Vx^ex,  x^Cr^ 


fi  otherwise 

r. 


laTEBSBCT(X)  =  < 


intersection  ( (A  (x^) } ,  {A  (X2) } , . . . ,  {A  (x^^)  } ) 


j  mi 

'  V 


min(A(X) )  if  Vx.ex,  x.Sr 
Mn>(X)  =  <  1  '  1  g 


otherwise 


if  Vx.ex,  x.Cr  , 


/- 


fS  otherwise 


coHPunrarKx)  =  ^ 


/■ 


NOT(X)  3  < 


V 


max(rg)  -  A(X)  if  Vx^ex,  x^Cr^ 
fi  otherwise 


{rg  -  union({A(Xj^)},{A(x2)},...,{A(x^)})} 

if  Vx.ex,  X.Cr 
1  1  g 


fi  otherwise 


OR(X)  s 


{: 


max(A(X))  if  Vx.ex,  x.Cr 

1  1  Q 

fi  otherwise 


330 


if  /  fi,  X,  =  X,  =  X 


2  *3  *4  "  • • ■ 


X2  if  X2  /  ff,  X,  =  x^  =  x^  =  .. 


1  '‘3  '‘4 


OH&(X) 


\  if  *n  ^  ^n-1  =  ^-2 


■^n+l  “  ’‘n+2 


/i  otherwise 


EZIST(X)  > 


niax{tg)  if  VXj^ex, 


ff  otherwise 


EXIST(X)  is  also  written  as  ''Ee(X)"  to 
identify  its  class. 


2.2.1  Properties  of  the  Proposed  Function 

Set  MX  uses  I A ,\/ r " »&/*, 
?f,3}  as  algebraic  "connectives"  correspond¬ 
ing  to  tAND, OR, NOT, NOT, INTERSECT, UNION, 
COMPLEMENT, ANDe ,ORe ,NOTe , Ee } ,  respectively. 
(Note  the  two  "NOT"s  in  the  latter  set. 

The  apostrophe-type  connective  is  used  only 
when  all  variables  are  2-valued  and  range 
over  the  same  set.) 

The  execution  precedence  for  Mx- 
expressions  is: 

1)  The  usual  execution  ordering  applies  for 
parenthetic  statements  in  Mx- 
expressions. 

2)  Within  each  parenthetic  statement,  the 

operation  precedence  is,  ordered  left- 
to-right:  ,^,3  »*  r +  / A  ,V  #  S 

(By  this  ordering,  x'y  /  x'y  and  x'y  = 
(x'^)y  .) 

Following  are  some  F  properties  which 
may  be  useful  in' manipulating  Mx  expres¬ 
sions.  More  are  in  the  original  work  on 
Mx^. 

1)  V(x,y)  C  tg  for  a  given  Mx-gate  of  func¬ 
tion  *  where  *  e  { • ,  +  ,  ,  A » V  * " » 

x*y  «  y*x  (x'y  as  a  non-unary 
operation  is  undefined) . 


2)  V(x)  C  ig  for  a  given  Mx-gate  of  func¬ 
tion  *,  then: 

a)  Where  *  6  {•,  +  ,A»V»s}r  x*x  -^x 
(idempotency) .  But  when  *  6 

x*x  /  X  (x'x  is  undefined). 
Special  case:  when  x  >  ft  and  *  e 


=  gi  and  Xj^Cr^, 


{ ‘  # +  f  A  ,V  A  »*f3  }  (  (null 

idempotency) . 

b)  When  *  6  { • ,  +  ,  AfVr&i*}  r  x*^  =  x*  * 

X,  and  gf  is  an  identity  variable.  But 
when  *  e  I" ,1^,3} ,  «  x*  x  (x’li 

is  undefined) . 

c)  When  *  e  (*,"},  (x*)*  «  (xngf)  =  x** 
=  X  (unary  closure).  When  *  6  {•, 

+  f*»V»"}  and  X  ranges  over  values 
only , ^ (X*) *  =  X**  =  X.  When  *  6 
{•  »  +  f  fAfV  r  "»&»*)  f  X  ranges  over 
values  only,  and  x^gf,  (x*)*  «  x**  » 

X.  When  *  6  {^,3}»  x**  /  x  .  Exam¬ 
ple:  When  Vg  =  {0,1, 2, 3, 4}  and  x  = 

3,  X++  =  3+  =  3,  x*'  “  3*  =3,  x"*  • 

r  =  3,  xfig!  -  (Zif'  =  {0,1,2,3,41  (i.e., 

x^^  X)  ,  x33  =  43  =  4  (i.e.,  x33  / 
x)  . 

3)  V(x,y,z)  C  rg ,  x*(y*z)  »  (x*y)*z  where  * 
6  {•  ,  +  ,A»VfS,3}  (associativity). 

4)  V(Xj^)  C  {rg-^l  for  a  given  Mx-gate  of 
function  *  where  *  6  {•,  +  ,“, A »V » 

4,^1,  X]^  *  X2  *  . . .  *  Xj„  *  gijf^+i  *  * 

...  *  (^n  =  *1  *  *2  *  •••  *  *m-  (The 

subscripted  nulls  represent  inputs  each 
of  which  is  currently  null.) 

5)  Where  x  /  gi  and  rg  is  not  a  single¬ 
member  set,  we  observe: 

xAx"  •  ^  xAx"  “  ^  xVx"  •  {x,x"} 


2.2.2  Completeness  in  Mx  Completeness 
for  the  Mx  GFS  and  for  the  F  members  is 

conditional®.  Existing  definitions  of  com¬ 
pleteness  (e.g.,  ®'®)  cannot  be  applied 
directly  to  P  because  they  do  not  treat 
input  alphabets  and  universes  of  operation 
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as  independent  from  the  operators.  Defini¬ 
tions  of  completeness  appropriate  to  Mx 
follow.  "Moderate"  completeness  accompanies 
the  notions  of  strong  and  weak  complete- 

4 

ness.  ’ 

Strong  Completeness  -  Fj  C  F  in  Mx  is 

"strong  complete"  over  a  set  S  of  two 
or  more  values  iff  the  minimum  count 
of  iterations  of  networks  (including 
the  initial  one)  composed  of  members 
of  Fj  required  to  cover  S  is  not  less 

than  the  cardinality  of  S. 

Moderate  Completeness  -  Fj  C  F  in  Mx 

is  "moderate  complete"  over  a  set  S 
having  two  or  more  values  iff  the 
minimum  count  of  iterations  of  net¬ 
works  (including  the  initial  one) 
composed  of  Fj  members  required  for 

the  union  of  their  outputs  to  be 
identical  to  S  is  less  than  the  car¬ 
dinality  of  S. 

Citizen  -  Any  input  instance  which  is 
a  subset  of  rg.  "Citizen"  is  the 

antonym  of  "al ien. " 

Weak  Completeness  -  Fj  C  F  in  Mx  is 

"weak  complete"  with  respect  to  a  set 
S  where  |S|>2  iff  some  citizen(s)  of 
or  alien(s)  to  the  Fj  members  is(are) 

needed  at  any  input (s)  at  any  itera¬ 
tion  of  the  networks  in  the  strong  or 
moderate  complete  definitions,  ex¬ 
cluding  the  initial  iteration,  in 
order  to  make  Fj  otherwise  strong  or 

moderate  complete. 


Fj  C  F  in  Mx  is  moderate  complete  if 

also  strong  complete.  The  converse  may  not 
be  true.  A  strong  or  moderate  complete  Fj 

is  weak  complete  iff  all  input  instances  to 
its  members  also  belong  to  S,  If  Fj  is 
weak  or  moderate  complete,  it  cannot  be 
made  stronger  without  replacing  and/or 
including  one  or  more  functions.  Any 
strong  or  moderate  complete  simple  basis^ 
requires  the  inclusion  of  at  least  one 
monadic  function,  or  an  n-adic  function 
which  gives  a  defined  output  with  all  its 
inputs  connected  together,  to  service 
single-output  networks.* 


In  the  following  list  of  predeter¬ 
mined^  F  member  completeness,  s,  m,  w,  and 


*  A  monadic  operation  is  defined  as  an 
operation  requiting  one  input  (argument). 
An  n-ary  operation  is  defined  as  an  m-adic 
operation  having  n  inputs,  where  min. 


i  mean  possibly  strong,  moderate,  or  weak 
completeness,  and  incomplete,  respectively. 


AND 

OR 

NOT 

INTERSECT 

UNION 

COMPLEMENT 

ANDe 

ORe 

NOTe 

EXIST 


i 

i 

w,  conditionally  s  or  m 

i 

i 

s  or  m 

i 

i 

s  or  m 
i 


2.2.3  Gate  Symbol  Graphics  for  the 

Proposed  Function  Set  Symbols  for 
AND,  OR,  and  NOT  gates  are  the  usual 
shapes.  The  remaining  symbols  are  varia¬ 
tions  on  these. 

y-XiX2...Xn  y-x^+xj*. . .♦x^ 


When  only  2-valued  variables  exist  and 
over  the  same  set  of  values,  is  unary; 

may  be  used  instead.  " is  undefined 
for  non-unary  applications  of  NOT. 

2.2.4  Mx  Gate  Eva''uations  This  section 
gives  examples  of  Mx-gate  behavior.  A 
treatment  of  set  I/O  is  included.  Vari¬ 
ables  shown  sub-  and  superscripted  with 
radix  and  bus  signal  cardinality,  respec¬ 
tively,  specify  bus  realizations. 


Example  2. 2. 4-1 

Assume  a  e  {|zi,0,l}  and  b  6  {0,0, 1,2}, 
Note  that  the  input  buses  are  not  used  to 
their  capacities.  The  input  sets  are  obvi¬ 
ous  from  the  figure.  Assume  all  gate 
reference  sets  to  be  rg  =  {0,1}  with  0<1. 


Application  of  the  proposed  Mx-function 
Definitions  yields  the  following  truth 
tables.  Note  that  all  gates  yield  a  null 
when  an  alien  input  is  present. 


a  b 

-  1 

ra* 

ab 

n» 

a+b 

P  * 

a  b 

q- 

b‘ 

r  • 

a"b 

S* 

b" 

t- 

aAb 

aVb 

0  0 

0 

0 

1 

1 

0 

1 

0 

0 

0  1 

0 

1 

{0,11 

0 

0 

0 

0 

(0,1} 

1  0 

0 

1 

(0,1) 

1 

0 

1 

0 

10,1} 

1  1 

1 

1 

0 

0 

1 

0 

1 

1 

0  0 

0 

0 

1 

0 

1 

(0,1) 

0 

0 

1  0 

1 

1 

0 

0 

0 

(0,1) 

1 

1 

0  0 

0 

0 

1 

1 

1 

1 

0 

0 

0  1 

1 

1 

0 

0 

0 

0 

1 

1 

0  0 

0 

0 

0 

0 

(0,1} 

(0,11 

0 

0 

0  2 

0 

0 

0 

0 

0 

0 

0 

0 

1  2 

0 

0 

0 

0 

0 

0 

0 

0 

0  2 

0 

0 

0 

0 

0 

0 

0 

0 

a  b 

V  * 

a^b 

b^ 

X  ■ 

a&b 

y  ■ 

a«b 

z  * 
a3b 
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0 

0 

0 

0 

1 

0  1 

0 

0 

(0,1} 

0 

1 

1  0 

0 

0 

(0,1} 

0 

1 

1  1 

0 

0 

1 

0 

1 

0  0 

0 

(0,1) 

0 

0 

1 

1  0 

0 

(0,1} 

0 

1 

1 

0  0 

0 

0 

0 

0 

1 

0  1 

0 

0 

0 

1 

1 

0  0 

(0,1} 

(0,1} 

0 

0 

1 

0  2 

0 

0 

0 

0 

0 

1  2 

0 

0 

0 

0 

0 

0  2 

0 

0 

0 

0 

0 

Null  outputs  require  physical 
representation  (e.g.,  a  D.C.  potential)  in 
practice  even  though  0  6  {no  value,  empty 
set,  no  answer/output,  ...}. 

If  inputs  are  restricted  to  be  {0,1}, 
the  outputs  of  the  COMPLEMENT  and  NOT  Mx- 
gates  are  identical. 

For  a6{0,l},  be{0,l},  and  outputs  t 
and  u  in  the  truth  tables,  if  the  null  and 
set  outputs  are  changed  to  0  and  1  respec¬ 
tively,  then  the  operations  of  AND  and 
INTERSECT,  and  OR  and  UNION  ate  indistin¬ 
guishable. 

The  truth  tables  show  by  exhaustion 
that  AND,  OR,  and  NOT  Mx-gates,  under  0,1 
inputs  and  {0,1}  reference  sets,  yield 
results  identical  to  2-valued  Boolean  AND, 
OR,  and  NOT, 

- ^End  of  Example  2. 2. 4-1 - 

Methods  exist  for  representing  and 

physically  handling  set  I/O.®  One  possi¬ 
bility  for  outputs  is  to  detect  unique  set 
instances  within  the  Mx-gate,  then  deliver 
a  set  identifier  to  the  external  circuitry. 
For  example,  the  symbol  "5"  can  be  assigned 
to  a  set  such  as  {0,1,2}.  A  transmitted 
set  identifier  (e.g.,  "5")  can  be  inter¬ 
preted  by  receiving  Mx-gates  as  desired. 

This  set  identifier  method  can  be  used 
to  "create"  elements  not  in  a  transmitting 
gate's  reference  set.  For  example,  if  rg  = 
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{1,2,3},  then  outputs  of  4  =  {1,2,3},  5  = 
{1,2},  6  =  {2,3},  7  =  {1,3}  can  be  "creat¬ 
ed"  at  its  gate's  output. 


2.3  A  Way  to  Design  Using  Mx 

The  following  design  procedure  approx¬ 
imates  the  truth-table  methods  familiar  to 
users  of  2-valued  Boolean  algebra. 


Procedure  2.3-1  does  not  promise  a 
2-level  AND-OR  solution.  Especially  in 
steps  3  through  5a,  much  room  for 
interpretation  and  style  exists,  which  is 
why  the  Procedure  is  called  "First-Order." 
The  following  simple  example  uses  Procedure 

2.3-1.  More  substantial  examples  exist. ^ 
Example  2.3-1 


Procedure  2.3-1  -  First-Order  Logic  Design 
Using  Mx 

1)  Build  a  truth  table  for  the  problem 
having  columns  for  its  inputs  fol¬ 
lowed  by  columns  for  its  outputs. 

2)  Fill  each  row  with  an  I/O  instance  so 
that  all  possible  I/O  conditions  are 
covered. 

3)  For  each  non-fi  input  instance,  deter¬ 
mine  (if  any)  a  NOT  class  gate  and 
reference  set  to  yield  it. 

4)  For  each  non-^  output,  determine  an 
AND  class  gate  and  reference  set  to 
yield  it.  If  satisfactory  gate  and 
reference  set  pairs  are  all  found,  go 
to  step  5.  Otherwise,  insert  a  blank 
column  before  the  output  columns. 

a)  For  each  non-jif  output,  determine 
an  AND  class  gate  and  reference 
set  pair  and  test  input  (install 
in  the  new  column)  to  yield  it. 

If  satisfactory  input  and  gate  and 
reference  set  pair  combinations 
cannot  all  be  found,  keep  the  best 
ones,  insert  another  blank  column 
before  the  previous  one,  then  go 
to  step  4a.  Otherwise,  for  each 
test  input  given  the  original 
inputs,  determine  an  AND  class 
gate  and  reference  set  pair  to 
yield  it. 


Specification:  Transmit  to  output  z 
the  value  from  set  {a,b,c}  common  to  buses 
p,  q,  and  r. 

The  bus  carrying  signal  p  has  a  physi¬ 
cal  capacity  of  2^  =  32  values,  an  example 
use  of  the  notations.  Output  z  is  physi¬ 
cally  4-valued:  one  for  each  member  of 
{a,b,c}  and  one  assigned  to  fi.  (The 
super/subscripts  have  no  algebraic  signifi¬ 
cance  and  make  the  broad  arrow  bus  symbol 
unnecessary. ) 


beeps  1  ana  ^  of  Procedure 
the  following  truth  table. 


a  a  a 

b  b  b 

c  c  c 

otherwise 


Applying  step  3,  no  "inversions"  exist 
(e.g. ,  a/c  )  for  any  input  instance,  so  no 
NOT  class  gates  are  needed. 


5)  For  each  output  column  and  pair  or 
other  test  tuples  of  rows  having 
non-|^  outputs,  determine  a  solving 
cascade  of  OR  class  gate  and  refer¬ 
ence  set  pairs.  If  satisfactory  gate 
and  reference  set  pairs  are  all 
found,  go  to  step  6.  Otherwise, 
append  a  blank  column  to  the  truth 
table. 

a)  Similar  to  step  4a,  solve  for  the 
test  inputs  but  using  OR  clr.ss 
gates.  Failing,  keep  the  best 
test  sets,  insert  another  blank 
column  before  the  previous  one, 
then  go  to  step  5a. 

6)  Draw  the  circuit  and/or  write  the 
equations  accordingly. 

- ^End  of  Procedure  2.3-1 - 


Applying  step  4,  three  non-)!(  outputs 
exist,  so  three  AND  class  gates  are  needed. 
Any  of  an  AND,  INTERSECT,  or  ANDe  gate 
yields  the  value  common  to  their  inputs. 
(Two  OR  class  gates,  the  OR  and  UNION,  also 
do  this.)  Arbitrarily  select  three 
INTERSECT  gates. 

Value  "a"  is  required  at  the  output  of 
the  INTERSECT  gate  assigned  to  the  row 
where  all  inputs  are  equal  to  "a";  other¬ 
wise,  is.  Assigning  rgj^»{a}  to  the  gate 

accomplishes  this.  Similarly  assign 
rg2«{b}  and  rg3«{c}  to  the  INTERSECT  gates 

for  the  rows  where  z“b  and  z“c,  respective¬ 
ly. 

By  step  5,  since  no  more  than  one  AND 
class  gate  output  will  be  non-)rf  at  any 
time,  any  single  3-input  OR  class  gate  will 
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standard  realization  of  an  INTERSECT  gate. 
This  is  known  as  a  "standard  cell"  ap¬ 
proach. 


p  q  r 

address 
in  deci¬ 
mal  no- 
z  tation 

output 
in  bi¬ 
nary 

notation 

7  7  7 

7  511 

0111 

5  5  5 

5  365 

0101 

2  2  2 

2  146 

0010 

other 

9i  Other 

Ixxx 

3.0  Conclusions 


A  technology-independent,  heterogene¬ 
ous,  mix-valued  logic  design  algebra  denot¬ 
ed  by  "Mx"  was  discussed.  As  an  algebra 
intended  for  use  mainly  by  logic  design 
practitioners  instead  of  only  researchers, 
Mx  is  atypical.  It  has  been  applied  where 
I/O  consists  of  values  and/or  sets  of 
values  and/or  variables.  Function  I/O 
appears  attractive  for  preserving  numeric 

representation  accuracy.^  As  examples,  a) 
The  natural  number,  e,  may  be  operated  on 
as  a  token,  saving  numeric  representation 
until  the  last  moment,  and  b)  Division, 
even  though  not  in  the  proposed  Mx-function 
set,  may  be  carried  through  a  network  —  a 
fraction  such  as  1/3  may  be  symbolized  then 
decimally  represented  at  the  last  moment, 
reducing  losses  in  precision  due  to  recur¬ 
sive  operations. 
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The  behavior  of  Mx-gates  depends  upon 
their  reference  sets  (which  may  be  dif¬ 
ferent  among  the  Mx-gates)  and  input  alpha¬ 
bets  (which  may  be  different  among  the 
inputs)  for  algebraic  properties.  Refer¬ 
ence  sets  can  be  varied  with  time  or  other 
parameters.  Real-time  changes  to  the  na¬ 
ture  of  an  entire  hardware  circuit  may 
thereby  be  possible.  Many  algebraic  pro¬ 
perties  of  Mx  remain  to  be  explored. 

Mx-gate-level  minimization  methods  are 
as  yet  unexplored.  Their  availability 
could  be  useful  to  realization  methods  like 
the  one  discussed  in  Section  2,4. 

Completeness,  associativity,  and  dis- 
tributivity  in  the  proposed  Mx  function  set 
are  all  conditional.  Yet  by  Example  2.3-1 

Q 

and  others  ,  Mx  has  been  shown  to  be  useful 
in  the  design  of  logic  circuits  having  2- 
or  multi-valued  signals  and  their  buses. 
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